We determine all the possible pointwise k-symmetric spaces of negative constant curvature. In general such spaces are not k-symmetric. In fact we show that, for all k = 2, H 3 is not k-symmetric, i.e. for any possible choice of a suitable set of selected k-symmetries, one for each point of H 3 , the regularity condition does not hold.
Introduction
The notion of pointwise k-symmetric spaces was introduced in 1968 by Ledger and Obata [9] as a generalization of symmetric spaces. A pointwise k-symmetric space is a connected Riemannian manifold M admitting a family {s x : x ∈ M } of isometries of order k (one at each point x), with x as an isolated fixed point for each s x . Such spaces are always homogeneous (cf. [7] ). Assuming the extra condition that, for all x, y ∈ M, s x • s y • s −1 x = s sx(y) (regularity condition), the manifold becomes a k-symmetric space. In this case, M not only admits a transitive subgroup G of isometries containing the k-symmetries, but it also may be identified with the quotient of the Lie group G by the isotropy subgroup of a given point o ∈ M and s o corresponds to an automorphism σ of the group G (cf. Kowalski [7] pag. 54). When k=2, the manifold is a symmetric space in the sense of [3] .
One of the questions studied on such manifolds is their classification. E. Cartan himself classified the symmetric spaces (cf. e.g. [3] , [12] ). For ksymmetric spaces (and also for pointwise k-symmetric spaces) we have only partial results which depend on the order k (cf. [4] , [13] ), on the smoothness of the tensor (S x ) * x , on the dimension of the manifold or on the group G which acts on the manifold (cf. [8] ). Another interesting question is whether a pointwise k-symmetric space is forced to be regular hence actually a k-symmetric space: this is always the case when k = 2 but, for k > 2, Kowalski (cf. [6] ) found a class of examples of pointwise k-symmetric Riemannian manifolds which are not k-symmetric.
In this paper we focus on the spaces of negative constant curvature whose isometry groups are well known, in order to study their k-symmetries. We remark that a pointwise k-symmetric space of negative constant curvature, being homogeneous is necessarily an hyperbolic space H n (cf. [12] ). Indeed such spaces turn out to be very interesting, already in low dimension: in fact we show that the hyperbolic space H 3 is pointwise k-symmetric (for k even) but not k-symmetric for k = 2 (Theorem 7). This example is different from the class of manifolds studied by Kowalski and, as far as we know, it is new in literature even though quite elementary.
The outline of our proof is the following: using linear algebra facts we show that O(n) contains an element of order k without fixed vectors if and only if kn is even and this, since the isotropy groups of isometries of the hyperbolic spaces are isomorphic to O(n), entails that H n is pointwise ksymmetric if and only if kn is even. Then, using the classification of the transitive subgroups of isometries for the 3-dimensional case, we can prove that the hyperbolic space H 3 is not k-symmetric for all k = 2 (Theorem 7).
A possible, next application of this result is a proof that there are no geodesic foliations of H 3 with a transitive group G of isometries which contains k-symmetries and preserves the leaves. In fact each regular k-symmetric structure on H 3 corresponds to a vector field V of unit vectors (suitably associated to the axes of the rotations s 2 x ). We claim that the integral curves of this vector field define a geodesic foliation of H 3 such that the group < s x > acts transitively both on the foliation and on H 3 . Conversely we conjecture that if we have a geodesic foliation of H 3 and a transitive subgroup G of the isometry group of H 3 acting transitively on the leaves and such that there is an x ∈ H 3 and an s x ∈ G with s k x = id and x as an isolated fixed point then we may define a k-symmetric structure such that the set of fixed points of any s 2 x is a leaf. We thank professor Ernst Heintze and doctor Alessandro Fermi for these latter ideas and the fruitful discussions.
2 k-Symmetric spaces Definition 1. Let M be a connected Riemannian manifold. An isometry s p of M with an isolated fixed point p ∈ M is called a k-symmetry (for an integer
Definition 2. A connected Riemannian manifold M is said to be pointwise k-symmetric (k ≥ 2) if it admits a family {s x : x ∈ M } of k-symmetries (one k-symmetry at each point), and k-symmetric if M is pointwise k-symmetric and satisfies the regularity condition:
. In both the previous cases we often speak of a k-symmetric (or pointwise k-symmetric) space. Remark 1. We note that a pointwise 2-symmetric Riemannian manifold is a symmetric space in the sense of [3] and the regularity condition is automatically satisfied in this case.
In general this is false for k > 2 as Kowalsky shows in [6] :
is a pointwise 4-symmetric space but not k-symmetric, for all k.
In the following we determine another example of a Riemannian manifold which is pointwise k-symmetric (for k even) but not k-symmetric for k = 2.
The pointwise k-symmetric spaces are homogeneous (cf. Kowalski [7] , pag. 2), more precisely: Theorem 2. Let M be a pointwise k-symmetric space and Iso(M ) its group of isometries. Let {s x : x ∈ M } be the family of k-symmetries on M . Then < s x > (the closure is taken in Iso(M ) with respect to the compact-open topology) is a Lie group of isometries which acts transitively on M .
In the case of k-symmetric spaces we can say more: Theorem 3. Let M be a k-symmetric space, then there exists a Lie subgroup G of Iso(M ) which acts transitively on M and such that ∀x ∈ M :
, in particular s x commutes with each element of the isotropy group H of x in G.
Proof. Cf. Kowalski [5] , pag. 139.
Hyperbolic spaces and k-symmetries
Theorem 4. The hyperbolic space H n is pointwise k-symmetric if and only if kn is even.
Let us prove directly this theorem by means of some lemmas. We will consider H n to be the sheet of a hyperboloid (with vertex v) in R n+1 .
Lemma 1. An isometry µ of H n such that µ(v) = v is the restriction to the hyperboloid of an endomorphism of R n+1 associated to a matrix
Proof. cf. Cannon, [1] , pag. 85.
In particular, the direct isometries of H n are such that A ∈ SO(n); we obtain the following corollary:
3 with a same fixed point commute if and only if they fix the same geodesic.
Proof. Without loss of generality, let v be the fixed point: then ρ 1 , ρ 2 commute if and only if the corresponding matrices A 1 , A 2 of SO(3) commute, but this is possible if and only if A 1 , A 2 have a common eigenvector, i.e. the corresponding isometries ρ 1 , ρ 2 of H 3 fix the same geodesic.
Lemma 2. Using the notation of the previous lemma, v is an isolated fixed point of µ if and only if the origin O of R n is an isolated fixed point of A.
Proof. Suppose O is an isolated fixed point for A or equivalently A does not have the eigenvalue 1. The fixed points of N (identified with its corresponding endomorphism of R n+1 ) lie on the line x j = 0, ∀j ≤ n. The intersection between this line and the hyperboloid is v, which is the only fixed point of µ. Suppose conversely that 1 is an eigenvalue for A so that the set of fixed points of N contains a plane. So the intersection between this locus and the hyperboloid contains an hyperbola.
Lemma 3. The order of N | H n is equal to the order of A.
It
Proof. Let (n, k) be both odd. Then the characteristic polynomial of A has odd degree and hence a real root. It follows that the minimal polynomial has a real root. A satisfies the equation x k − 1 = 0, hence its minimal polynomial divides
The unique real root of x k − 1 is 1, which is therefore a root of the minimal polynomial (hence of the characteristic polynomial) of A. Let us suppose n = 2m is even. It is easy to check that the following matrix satisfies the condition required:
Now suppose k = 2t even (and n odd). Therefore a matrix we are looking for has the following form:
We now return to the proof of Theorem 4.
Proof. It follows from the previous lemmas that there is an isometry s v of H 3 of order k with v as an isolated fixed point if and only if (k, n) are not both odd. It is known that the whole isometry group acts transitively on H n , so for each x ∈ H n there exists an isometry τ x such that:
We may define
which has the same order of s v and x as an isolated fixed point. So Theorem 4 is proved.
The hyperbolic space H 3
We will show in this section that H 3 is not k-symmetric for all k ≥ 3.
Theorem 4 implies that H
3 is pointwise k-symmetric for all even k. Indeed, consider the upper semispace model
let ρ x be an isometry which has order h and fixes pointwise the straight line r through x orthogonal (in the euclidean sense) to the plane z = 0. Let ω x be the non-trivial isometry of H 3 which fixes the totally geodesic 2-submanifold (hyperbolic plane) P containing x and orthogonal to r. We note that P is, in the euclidean space, a semisphere orthogonal (in the euclidean sense) to the limit plane with r as diameter. The isometry ω x will be therefore an inversion with respect to this sphere.
then H 3 is pointwise ksymmetric (where k = h for h even or k = 2h for h odd) with the s x 's as k-symmetries. The regularity condition does not hold in this case.
Proof. It is easy to check that such s x 's are k-symmetries. Let π(x) be the orthogonal projection of x onto the limit plane L. Suppose the regularity condition holds: then for any two points o, x not on the same line orthogonal (in this theorem we intend always orthogonal in the euclidean sense) to L, we have:
The point mapped to ∞ by s so(x) (taken its extension by continuity) is the center π (s o (x) 
x (π(o)) since the two transformations are the same hence they map the same point to ∞ . Let k be the order of s x . If k = 2, the plane Q 1 orthogonal to the limit plane, on which π(o), o and s x (π(o)). So we get the contradiction:
and the claim follows. Now we characterize all the isometries s x of order k and with x as isolated fixed point. We consider now the hyperbolic space in the model of the sheet of a hyperboloid:
Lemma 5. Let r = (ah, bh, ch) be orthogonal to P : ax + by + cz = 0 in the euclidean space R 3 Then the geodesic t = (ah, bh, ch, k) ∩ H 3 is orthogonal to the hyperbolic plane
Proof. Up to isometry we suppose r = (x, 0, 0) and
from which we get t = (x, 0, 0, s) :
with vector line tangent in v = (0, 0, 0, 1) in the form (h, 0, 0, 0). Similarly Q = (0, y, z, s) :
with vector plane tangent in (0, 0, 0, 1) in the form of (0, u, v, 0). The hyperbolic metric tensor in v is dx
and each vector tangent to t in v is orthogonal to each vector tangent to Q in v.
Lemma 6. Let s be an isometry of order k (with k odd) of the hyperbolic space such that
where v (vertex of the hyperboloid) is an isolated fixed point. Then s is the composition of an isometry which fixes the geodesic t (an hyperbolic rotation) and one which reverses t and fixes the hyperbolic plane Q orthogonal to t (an hyperbolic reflection). The order of the rotation will be k or Proof. The isometry s has associated matrix:
where A is a matrix ∈ O(3) (cf. Cannon [1] , pag. 85). The order of A is the same as that of N and O is a fixed point of A. Because of A k = I, A has the eigenvalue -1 (it is not possible to have the eigenvalue 1 because we have an isolated fixed point). Let r be a corresponding eigenvector. Consider the matrix T of the reflection in the vector plane P orthogonal to r : T results orthogonal with eigenvector r associated to the eigenvalue -1. If R = T A it is easy to show that r is an eigenvector of R associated to the eigenvalue 1. So R and T commute. We have:
and:
Hence the order of R is a divisor of k and it has to be k or k 2 otherwise the order of A would be less then k. We easily get:
and the isometry ρ of H 3 associated to
has the geodesic t determined by r as in the previous lemma as set of fixed points.
Similarly the isometry ω associated to
has the fixed point set Q determined by P according to the previous lemma. So N is the composition of an isometry whic fixes the geodesic t and one which reverses t and fixes the hyperbolic plane Q orthogonal to t.
Theorem 6. Let s x be an isometry of order k (with k even) of the hyperbolic space such that:
where x is an isolated fixed point. Then s x is the composition of an hyperbolic rotation ρ x of axis a geodesic t through x and a reflection ω x with respect to the hyperbolic plane Q through x and orthogonal to t. The order of the rotation is k or is odd).
and s v := τ −1 • s x • τ has order k and v as an isolated fixed point. So we have:
where ρ v is an hyperbolic rotation of axis t through v and ω v is an hyperbolic reflection with respect to the hyperbolic plane P for v orthogonal to t. so for s x :
where ρ x is an hyperbolic rotation of axis t = τ (t) through x and ω x is an hyperbolic reflection with respect to P = τ (P ) through x orthogonal to t.
Consider now H 3 as the upper halfspace of R 3 .
Definition 3. We call G 2 the subgroup of Iso(H 3 ) generated by the euclidean translations of vectors w contained in the plane x, y and the homotheties of center O and positive factor.
We call, for each ρ ∈ R, G 
,
We may now prove our statement:
Proof. Suppose H 3 k-symmetric for some k. Therefore there exists a group G of isometries as in Theorem 3. Up to conjugation we may suppose that G ρ 1 or G 2 is in G, so the group of horizontal translations is in G: this result follows from the fact that the connected component of the identity of any transitive subgroup of Iso(H 3 ) is still transitive and contained in Iso + (H 3 ), and from the classification of the connected Lie subgroups of SO + (1, 3) which is isomorphic to Iso + (H 3 ) (cf. Shaw [11] and Portnoy [10] ). Let s x be any k-symmetry so, according to Theorem 3:
.
By Theorem 6, s x is a composition of a rotation of axis r through x and a reflection with respect to the hyperbolic plane P through x and orthogonal to r hence s 2 x is a rotation of axis r. Let us suppose that there exists a point o such that s 2 o is an hyperbolic rotation with axis a euclidean circle orthogonal to the limit plane, otherwise we have already shown that the s x 's do not respect the regularity condition (Theorem 5). Let t be the segment of the orthogonal projection of r on the limit plane. Let τ be a translation of vector 
